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Functional Approach to Quantum Decoherence and
the Classical Final Limit: The Mott and
Cosmological Problems
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Decoherence and the approach to the classical final limit are studied in two
similar cases: the Mott and the cosmologica problems.

1. INTRODUCTION

One of the most important problems of theoretical physicsin the recent
yearsisthe question: How and in what circumstances does a quantum system
become classical [1]? In spite of great effort, the problem remains [2] and
we are far from a complete understanding of many of its most fundamental
features. In fact the most developed and sophisticated theory on the subject,
decoherent histories, is not free of strong criticism [3].

For conceptual reason we will decompose the limit quantum mechanics
- classical mechanics into two processes. quantum mechanics — classical
statistical mechanics and quantum statistical mechanics - classical mechan-
ics. There is amost unanimous opinion that the first process is produced by
two phenomena:

(i) Decoherence, which in quantum systems restores the Bool ean statistic
typical of quantum mechanics.

(ii) The limit 2 - 0O, which circumvents the uncertainty relation at the
macroscopic level and allows one to find the classically behaved density
functions via the Wigner integral.
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The second processis produced by these phenomena plusthelocalization
(or production of correlation) phenomenon [4]. We will discuss the first
process and briefly deal with the second at the end of each section.

The techniques to deal with the two phenomena related with the first
process are not yet completely developed. One of the main problems is to
find a proper and unambiguous definition of the so-called pointer basiswhere
decoherence takes place.

Our contribution to solving this problem is based in the ideas of Segal
[5, 6] and van Howe [7], reformulated by Antoniou et al. [8]. We have
developed these ideas in refs. 9 and 10, where we have shown how the
Riemann—L ebesgue theorem can be used to prove the destructive interference
of the off-diagonal terms of the state density matrix yielding decoherence.
Using this technique, we have found decoherence and the classical statistical
equilibrium limit in simple quantum systems [4] where we have defined the
final pointer basis in an unambiguous way.® In addition, the localization
phenomenon appears in some cases.

This paper gives two examples of the method introduced in refs. 9 and
10, which we briefly review in Section 2, and used to find a general solution
for the quantum-classical limit in ref. 4.

In Section 3, the method will be used to solve the problem known as
“the Mott problem,” after Sir Neville Mott, probably the first to study the
subject [11]. Let us consider a radioactive nucleus, placed at the origin of
coordinates O, inside a bubble chamber. We will see that classical radia
trajectories appear in the chamber due to the emitted outgoing particles. We
must explain this phenomenon. Theoretically we have a timeless structure,
since the wave function {s(x) satisfies the eigenvalue equation

Hy = ws «y
where

110 ,0 L2
H= omrzar " or T amre T WO @
with W(r) the spherically symmetric potential barrier, which is the externa
wall of a potential well, and such that lim, .. W(r) = 0. This will be our
model for the nuclear forces [12]. Let us observe that there is no trace of
the time in these equations.
The main problem isthat, even if the symmetry is a spherical one, there
is no a priori reason to explain why the classical trgjectories are radial. We
have the following list of facts to explain:

3The relation of our method to decoherent histories is studied in ref. 4. They turn out to be
equivalent, but in our method the final pointer basis is more properly defined.
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(i) Why does the nucleus quantum regime become the classical regime
for the classical trgjectories?

(ii) Why are these classical tragjectories radial?

(iii) Why does the notion of time, necessary to explain the motion of
the classical radia particles, appear in a timeless formalism, i.e., in that of
Eq. (2).

(iv) Why are there only outgoing motions?*

At this stage we must observe that this set of problems is very similar
to those of quantum cosmology, where, in fact, we must explain the outcome
of the classica regime, the appearance of time, the nature of the classical
trgectories in superspace, and the direction of the corresponding motion, i.e.,
the arrow of time. Then several of the most important quantum universe
problems that we will discuss in the second example are aready contained
in our humble Mott model,

In Section 4 we consider our second example: the quantum cosmology
problem, since the appearance of a classical universe in guantum gravity
models is the cosmological version of the first problem. Then, decoherence
must also appear in the universe [13].

In this paper, using our method, we will solve the two examples and
we will find:

(i) Decoherence in al the dynamical variables and in a well-defined
final pointer basis.

(i) A final classical equilibrium limit, when # — 0, in such a way that
the Wigner function FY = p{® of the asymptotic diagonal matrix p, can be
expanded as (e.g., in the cosmologica problem)

p([x], [K]) = J Py tap{taa (X1, (K1) d{1} dla] ©)

where p{#a([X], [K]) is a classical density strongly peaked® in a trajectory
defined by theinitial coordinates a and momental, and py;(4 iSthe probability
of each tragjectory. As essentially the limit of quantum mechanics is not
classical mechanics, but classical statistical mechanics, thisis our fina result:
the density matrix is trandated in a classical density, via a Wigner function,

4But let us complete the first example by discussing the role of the global atmosphere of the
bubble chamber in our problem. This role is nonessential and realy just incidental. In fact,
if there were no bubble chamber, at least for r — oo the classical trajectories would also be
radial, since in this case, any small detector located far enough from the origin would find
radial motions. Furthermore, it would be very difficult to believe that these radial motions
are produced only by the small detector. Then the radial motion exists even if there is no
bubble chamber and it is a mistake to consider that it is the bubble chamber that, acting as
an environment, produces the radial structure. But we must remark that there is ameasurement
in both cases and therefore the measurement process is essential.

SPrecisely: peaked as alowed by the uncertainty principle.
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and it isdecomposed as a sum of densities peaked around all possible classical
trajectories, each one of these densities weighted by its own probability.®
Thus our quantum density matrix behaves in its classica limit as a
statistical distribution among a set of classical trgjectories. Similar results,
for the cosmological case, are obtained in refs. 14 and 15.
We will return to these conclusions in Section 5.

2. REVIEW OF THE METHOD

In order to go from the quantum to the classical statistical regime two
new properties must appear:

(i) Decoherence: The density matrices, which contain quantum interfer-
ence terms, must become diagonal, in such a way that these interferences
are suppressed. Then the quantum way to find probabilities of exhaustive
events (i.e., adding the corresponding amplitude and computing the norm)
becomes the classical way: just adding the probahilities.

(ii) Thelimit # — O: The positions and the momenta (or more generally
canonically conjugate dynamical variables) can be defined as alowed by the
uncertainty principle, but large scales (i.e., when 7 — Q) allow usto consider
both the position and the momentum as independent dynamical variables, as
in classica mechanics. Of course this independence is the essential property
for finding a classical behavior.

These two closely related propertiesintroduce classical statistical behav-
ior in the quantum formalism. Let us begin with decoherence.

We are only interested in scattering states with continuous spectrum,
e.g., for the first example, the Mott problem, the radial outgoing particles
are described by these states. To obtain the Hamiltonian eigenbasis of the
Hilbert space ¥ we can consider, e.g., the Hamiltonian (2) and construct the
Lippmann—Schwinger basis {|w+)} [27] (redly |o, |, n+)), where o is
partially discrete and partialy continuous, e.g., it will have some wq for the
ground state and a continuous w for the scattering states, but for the moment
we will consider only the continuous index o (since we are only interested
in these states’). Of course, we can aswell use {|o—)}. Then the Hamiltonian
can be diagonalized as

H= Jm o|lo+Xo+| do 4
0

From this expression we can deduce that the most general observable that
we can consider reads

6 After the classical statistical regime is reached correlations will eventually produce a pure
classical regime.
"Bound states are considered in refs. 9 and 10.



Functional Approach to Quantum Dechorence 1741

0= J O,|w+Xo+| dw + J J Oy |0+ Yo' +| do do’ (5)

0 0 Jo

where the functions O,, O, are regular, namely, the most general observable
must have a singular component (the first term of the rhs of the last equation)
and aregular part (the second term). If the singular term were to be missing,
the Hamiltonian would not belong to the space of the chosen observables
[9]. Then O € O C 3 D (¥ &® ¥) since some extra conditions must be
added [9]. This space has the basis {|w), |», ')}:

) = [o+Xot], v, o) = [o+)Xo+| (6)

The regular quantum state p is measured by the observables just defined,
computing the mean values of these observable in the quantum states (O), =
Tr(pO) [16]. These mean values can be considered as linear functionals p on
the vectors O. Then the notion of state can be generalized to any linear
functional over 0, which we can call (p|O) [6]. In this way not only regular
states, but singular states can be defined. Moreover, as p must be normalized,
self-adjoint, and positive definite, p € ¥ C 0', where & is a convex set
contained in 0’ [9, 10]. The basis of 0’ is {(w|, (», ®'[}. These states are
defined as functionals by the equations

(w|o) = 30 — '), (, 0|0, ®") = 8w — 0)3(0" — ") (7)

Therefore a generic quantum state reads

p= J p(,,(w| do + J J Pow (W, u)'| do dw’ (8)

0 0 Jo

where p, = 0, p,o' = p&,. The states such that p, # p.. Will be called
generalized states [9] and those such that p, = p.., are the usua regular
mixed or eventually pure states. To continue, even if the time is not strictly
defined [since we have only Eq. (1)], let us postul ate that there is a symmetry
in the system with a symmetry group e . At this level of reasoning thisis
a global fact imposed by the structure of the universe where we suppose the
model isimmersed (we will come back to this problem in Section 3.3.1; of
course this will also be the case in the cosmological example because the
problem of time definition is the same). Then the time evolution of the
guantum state p reads
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p(t) = J po(®| dw + J j P €@ N, »'| dw dw’ 9

0 0 Jo

As in the statistical level we are considering we only measure mean values
of observables in quantum states, i.e.,

(O = (P(VIO)

=J PuQ, dow +J J Pow Oue® @ dw do’ (10

0 0 Jo

using the Riemann—L ebesgue theorem, we obtain the weak limit, for al O e
O0,pe .

1[T<O>p(t) = (O),, (11)

where we have introduced the diagonal equilibrium state

by = J " pole] do (12)

0
Therefore, in a weak sense we have

Wlim p() = ps (13

Thus, any quantum state goes to an equilibrium diagonal state weakly, and
that will be the result if we observe and measure the system evolution with
any possible observable of space 0, e.g., for the first example, with a global
bubble chamber (or with any of the local small detectors of footnote 4 in
Section 1). Then, from the observational point of view we have decoherence
of the energy levels, even if from the strong limit point of view the off-
diagonal terms never vanish, they just oscillate [Eq. (9)]. So, from now on,
as we will consider the matrix p(t) for larget, e.g., for the first example, far
away from the nucleus, the relevant state will be p,, a diagonal state in
the energy.

Some observations are in order:

(i) The rea existence of the two singular parts introduced above is
assured by the nature of the problem. The singular part of the observables
is just a necessary generalization of the singular part of the Hamiltonian,
which is completely singular [Eq. (4)]. The singular part of the states is the
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fina state for decoherence [Eq. (12)]. (p|O) isjust the natural generalization
to the continuous of thetrace of the product of two finite-dimensional matrices
[Eq. (10)].

(ii) To fully understand the phenomenon, it is necessary to use general-
ized states. Therefore, any explanation only based on pure wave function
states or mixed states is incomplete.

Having established the decoherence in the energy, we must consider the
decoherence in the other dynamical variables. Before going to the model, let
us study the general case (we will repeat this reasoning in Sections 2.2 and
4.2, with the notation corresponding to each case). The diagonal singular
component of Eq. (9) (which is equal to p,) is time independent, therefore
it is impossible that a different decoherence process takes place in this
component to eiminate the off-diagonal terms in the other dynamical vari-
ables. Therefore, the only thing to do isto try to find if there is abasis where
these diagonal terms vanish at any time and therefore there is a perfect and
complete decoherence. For t — oo this basis in fact exists and it is known
as the final pointer basis.

Let{H,O,...,O\} betheusual completeset of commuting observables
(CSCO) that we are using to make our calculations and {|w, my, ..., my+)}
(whichwewill simply call { |o, M, . .., my} from now on) the corresponding
eigenbasis. Then introducing the new indices in Eq. (12), we abtain for the
equilibrium diagonal state

Px

=J S o e o M T M o (14)
my

From what we have said under Eg. (8) we have
(plgﬁ)l) ..... Ny mN)* = pl(’(r;)l) ..... m,M,...., M\ (15)

Therefore this matrix can be diagonalized and there is a basis { (o, |4, . ..,
In]} where the matrix p, reads

8Now an incidental question for the first example would be: which energies? In thefirst example
the potential well, surrounded by the barrier, W(r) originates unstable levels with energy ,
which decay with a decaying time y,*. Inside the well there are oscillating waves that can
be used to fulfill the boundary conditions at r = 0. When these waves arrive at the barrier
they are partially reflected and transmitted [12]. The states that tunnel the barrier appear with
an energy that peaks strongly at o, [9, 17]. Therefore the energy of the outgoing particles is
in the form of energy packets ~8(w — w,,), and therefore could be essentially labeled with
n. But taking into account that the energy spectrum is really a continuous one, we will always
refer to it as .
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be = j 3 b do (16)
1 N
Now we can define the observables
P =J > PL (o, . Ty do (17)
11,..0IN

and the CSCO {H, P4, . .., Py}, where the singular component p,, is diagonal
in the dynamical variables corresponding to the observables P, . . . , Py from
the very beginning. This is the final pointer basis where there is perfect
decoherence. The final pointer basis is therefore defined by the dynamics of
the model and by the quantum state considered, in compl ete agreement with
the literature on the subject. The classical statistical limit will be complete
if we transform all these equations via a Wigner integral as we will in each
example using the corresponding notation.

3. THE MOTT PROBLEM
3.1. Decoherence

After these genera considerations let us now go to our first problem.
The Hamiltonian of Eg. (2) can be decomposed as

H=Ho+V (18)

1 19 d L2
Ho= —=— =222 4
0 2Mr2or  ar  2Mr?2

V = W(r) (20)

alowing the definition of the Lippmann—Schwinger basis.

Its essential property is its spherical symmetry. We will see how this
symmetry leads directly to the result above, avoiding the diagonalization
procedure used in Section 2. In order to conserve this symmetry, it is necessary
that the nucleus prepares only spherically symmetric states. Thus, we can
foresee that the CSCO corresponding to the pointer basis must contain the
generator of angular rotation, so it must be {H, L2, L;}. The pointer basis
must then be the usual {|w, |, M)} basis.

Infact, let usconsider aninitial state functional powith spherical symme-
try. If I is the generator of the density rotations, a rotation of the state by
an angle @ gives p, = exp{ —iL - ¢} po, Or equivalently

(exp{ —iL - @} polO) = (po| exp{iL - $}O exp{iL - &})
for any observable O € 0. Inthe last expression, L isthe angular momentum
operator. From the last equation we obtain

(19)



Functional Approach to Quantum Dechorence

(LpolO) = (pol[L, O]) = 0
The observable O has the form

o= J dw Oy ()| ol m){wl'm'|

Im I'm’

+ 2 E JJ dw dw’ O m(®, ©")|olmyXw’I’m'|

Im I'm’
and therefore Eq. (21) gives
(Pol[L, |olm)Xw'I'm'|]) = 0

These equations are equivalent to

(Pol[Lz, |olmXw'I'm'[]) = 0

(pol[L+, lolm}oI'M]) =0, L.=Lc*xL
Taking into account that
LLm=ml,m, L, m=JI(l +1) — m(m=* 1)|I, m=+ 1)

we obtain

0 = (m— m)(pdlw, I, m}w’, I", m'[)
0= il + 1) — m(m = D)(pgllw, I, m = Lxw’, I, m'])
— T+ 1) —m(m = Dpolw |, m}e’, I, m T 1))

both for ® = ' and ® # »'. These equations give

(p0||(1), |! m><(1)’, Il! m/’) = plo(w! (1)’) 8||’ amm'
(polloo, 1, Mo, I, mM'[) = pP(@) 81 Sy

1745

(21)

(22)

(23)

(24)

(25)

(26)

(27)

Thus any symmetric pg is diagonal in | and m. We will repeat the conclusion
of the previous section and see, in this particular case, how the time evolution
produces the diagonalization: namely p?(w, »’) will vanish whent - «. As

in Eq. (10), the time evolution reads
(O)y = (pO) = (pole™Oe™™)

o +1
= J dow I:Eo pP((l)) m:2—| Olm,lm(w)

+Jdedm’
[

Ms

. P, o) expli(e — o)t}
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+1

X m:E—I Olm,lm((*)1 o) (28)

The Riemann—L ebesgue theorem can be used in this expression to obtain
the “final” state

0 +1
(O),. = (p+]0) = lim(p,|0) = j do 3 %) 3 Ominlo) (29)

where p?(w, o) has disappeared. |If we define, in analogy to Egs. (6) and
(7), the functiona (w, I, m| acting on an observable O of the form given in
Eqg. (22) by (o, I, m/O) = Oymim(w), We can give the following expression
for the asymptotic form of the state:

o 4l
(<] = WImGJ0) = [ do 3 of@) 3 (@m0

Of course (p«| is also spherically symmetric since it is symmetric in |
and m. We do not address in this paper the mechanism used by the nucleus
to prepare the states in such a spherically symmetric way. But we are just
studying the case where al the elements of the nucleus are spherically
symmetric, and aso the quantum states involved, because we are precisely
trying to explain the breaking of this symmetry and the appearance of the
radial structure. Then, it is clear that the only possibility is to begin with a
spherically symmetric structure and with states that satisfy the above
equations.

Therefore:

(i) The origin of the decoherence in the energy is the time evolution.

(i) The origin of the decoherence in the angular variablesis the prepara-
tion of the quantum state, which is spherically symmetric in our model. This
symmetry is preserved by the time evolution.

Let us observe that, as our model is spherically symmetric, any CSCO
{H, L2 Ly}, for any arbitrary zaxis, will correspond to the final pointer basis.
But if the symmetry were cylindrical along the axis z, as the center of an
angular coordinate ¢ with generator L,, the only CSCO related to a final
pointer basis for the cylindrical quantum states would be {H, p,, L;}. So we
see how the symmetry of the equation and the states defines the final pointer
bases and their number.

3.2. TheLimit # - 0 and the Classical p{*)(q, p)

Let us now compute the classical analogue of p,, as promised at the
end of Section 2. We will prove that the distribution function p{)(q, p) that
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corresponds to the density matrix p, via the Wigner integral [18] is simply
afunction of the classical constant of the motion, in our case H(q, p), L%(q,
P). Lq, p); precisely,

p(a, p) = p«(H(a, p), L*(a, p), LAa, P)) (31)

To simplify the demonstration, let us consider only the constant H(q, p).
From Eq. (12) we have

po = | peloo] do (32

So we must compute
o9 p) = 7 [ (olla + @ - D 0 )
We know, from ref. 9, Section 11C, that the characteristic property of (w| is

(@HM = " (34)

Using the relation between quantum and classical inner products of operators
[ref. 18, Eqg. (2.13)], we deduce that the characteristic property of

pi(a, p) is
J pS"(a, P)[H(g, p)]" dg dp = w" + O(%) (35)

for any natural number n. From now on we will work in the limit # - 0O
and therefore all the O(#) will disappear. Thus p{)(g, p) must be

pS(a, p) = 8(H(g, p) — @) >0 (36)

which turns out to be a distribution, namely a functional as p,. Therefore,
going back to Eqg. (32) and since the Wigner relation is linear, we have

o¥(q, p) = j b (@)p(G, p) do

- j b (@)3(H(@, ) — ©) do = pa(H@ P) =0 (37)

QED

Generalizing this reasoning, we can prove Eq. (31). Moreover the gener-
alized equation (37) reads
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o(q, ) = J S (o 1, 1) (00, P) o (38)

where p(w, |, m) = pf(w) of Eq. (27),° and p{¥)(q, p) reads
piVm(a, p) = 8(H(G, p) — @)3(LX(q, p) — I(I + 1))3(LAa, p) — m) (39

and can be interpreted as the state where , |, m are well defined and the
corresponding classical canonically conjugated variables completely unde-
fined since p{Y), is not a function of these variables. Then there is acomplete
coincidencewith theresult of the previous section. From thelast two equations
we obtain (31) as promised. Now all the classical canonically conjugate
variables of the momenta H, L2, L, do exist since they can be found by
solving the corresponding Poisson brackets differential equations.’® But as
the momenta H, L?, L,, which we will call genericaly |, are also constants

of themotion, wehavel = —9gH/9a = 0, whereaisthe coordinate canonically
conjugate to |, so H is just a function of I, and
a= %I(l) = w(l) = const (40)
S0
a=wo()t+ a (4D

These are the classica motions corresponding to the motion of the wave
packet of the previous subsection. Asin this section | is completely defined
and a, completely undefined due to spherical symmetry, in such a way that
the motions represented in the last equation homogeneoudly fill the surface
| = const (realy H = const, L? = const, L, = const for our case), namely
the usual classical torus of phase space.

Then, Eq. (38) can be considered as the expansion of p{(q, p) in the
classical motion just described, contained in p{&,(g, p), each one with a
probability p«(n, I, m).

Summing up:

(i) We have shown that the density matrix p(t) evolves to a diagonal
density matrix py.

(ii) This density matrix has p{®)(q, p) as its corresponding classical
density.

9Even if, for symmetry reasons, m is absent as an index of p(w), we have introduced this
index in p, (o, I, m) for two reasons: (i) It may be present in a more general case (such as
the cosmological one), and (ii) it is present in p{&) .

100n the contrary, H and L? do not have quantum canonically conjugated dynamical variables
since their spectra are bounded from below.
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(iii) This classical density can be decomposed into classical motions
where H, L2, and L, remain constant, answering question (i) of the
introduction.

(iv) Finally, for r - oo the classical analogue of Eg. (18),

1, L2
=—pPP+-—+
shows that in the classical motions we can consider L? = Owhenr - «.!!
Thus the classica motions far from the nucleus can be considered as radial,
answering question (ii) of the introduction.
Finaly, as

j 36 — 09)5(p — ¢©) do© de© = 1 (43)

where 6 and ¢ are the usual polar coordinates. Since far from the nucleus
| = m = 0, we can write Eq. (38) as

o(q, p) = f bu (@, 0, 0)3(H(G, ) — w)3(0 — 65 (e (a4)

— ©9) do©@ de® dey

where 3(H(q, p) — 0)3(0 — 898(¢ — ¢©) can be considered as the classical
density of the classical particles with radial motions defined by the energy
o and the angles 0© and ¢©. The final classica equilibrium density is thus
decomposed in the densities of radial classical trajectories, as in Eq. (3).
So finally we have an isotropic ensemble of particles in radial motion.
Thisisthe classical statistical limit of our wave function. We have gone from
guantum mechanics to classical statistical mechanics [16]. To single out any
one of the trgjectories to obtain asingle classical motion is clearly impossible
at the statistical mechanics level since it would break the spherical symmetry
of theinitial wavefunction. But the statistical stateiscomposed of singleradial
motions at the classical level, as any population is composed of individuals.

3.3. Localization and Correlations

These phenomenawill appear for appropriate potential and initial condi-
tions [4]. If W(r) = 0O, we know that the wave packet will spread, so the real
W(r) must be such that the eventual spreading will be as slow as necessary
in order to see the radial trgjectories in the bubble chamber.

A close study of the initial conditions, which necessarily are located near the center of the
nucleus, will improve the demonstration of this result. For the sake of conciseness we do
not include these considerations.
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3.4. Discussion and Comments
3.4.1. The Time

We have postulated the global existence of time in Section 2.1. This
postul ate was motivated by the fact that thisisaglobal feature of the universe.
But, in order to mimic the cosmological case of the second example, let us
imagine for a moment that our model can be considered as a model of the
whole universe.? Then it would be impossible to postulate the existence of
time based on an exterior global structure. A way to solve this problem would
be to postulate decoherence through Eq. (12), namely the existence of some
kind of evolution with a final diagonal state which corresponds to the fact
that the universe really endsin aclassica state. Then we can define the time
over the classica tragjectory labeled by w and | via Eq. (42) as

dr _ 10 + 1)
i \/ZI\/I[(» ~ o W(r)] (45)

{ = if dr
J2 |y Jo — 11 + 1)/(2Mr2) — W(r)

Thus we can see the interrelation of time, decoherence, and the elimination
of the uncertainty relations. The usual procedure is to postulate the existence
of time and follow the chain time - decoherence - elimination of the
uncertainty relations. In this case we are using the traditional way of thinking
of classical and nonrelativistic quantum mechanics: time is a primitive con-
cept. But, as we have explained, another chain is feasible: decoherence -
elimination of the uncertainty relations — time, and that would be the chain
that we must use if we consider the whole universe. In this last case we
could postul ate (based on obvious observational fact) that the quantum physics
of the universe is such that it has a tendency toward the classical regime
(decoherence + elimination of the uncertainty relations). Thistendency would
be the primitive concept in this case and time would be a derived concept
in perfect accord with Mach'’s philosophy [20] (see also ref. 21). So question
(iii) of the introduction is answered. We will come back to these arguments
in the cosmological case in Section 4.4.3, where we will go further. We will
postulate the existence of a parameter v that at the quantum level will take
the role of time, namely |n) = e '"0), and show that there is decoherence
in this parameter, which therefore becomes a classical one.

(46)

2This will be the case in the first problem. In the second one we will deal with the real
universe and reproduce the same kind of argument.
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3.4.2. Why the Outgoing Solutions?

Theanswer to this question can be found in one of the essential properties
of the actual state of the real universe: it is time-asymmetric in spite of the
fact that its evolution laws are time-symmetric:

(i) Even if we have incoming and outgoing scattering states, only the
second ones behave spontaneoudly, while the first ones must be produced by
a source of energy [22].13

(ii) Even if we have advanced and retarded solutions of the Maxwell
equations, the time asymmetry of the state of the universe forces us to use
the latter ones and to neglect the former ones.

(iii) At the quantum level, the space of admissible solutions is not
the whole Hilbert space, but a subspace of this space, where causality can
be introduced.

Namely, as the laws of physics are time symmetric, they always give us
two t-symmetric possibilities. The universeist-asymmetric and correspondsto
one of these possibilities.

From what we have said it must be clear that, in order to be completely
satisfactory, the choice must be done in the whole universe, namely it must
be global [22]. Let us only consider case (i); we must only choose outgoing
states answering question (iv).

For our first problem we may use the WKB solution of the equation

2
I+ eu = 0 (@
which is
W) = KK~ 22 exp[ii j k() dx] (48)

Then if we write the solutions of Eq. (2) as

uwl(r)
r

Poim(X) = Vuim(r, 0, @) = Y0, @)

the function u,,(r) satisfies the equation

(49)

13Incoming states will transform the stable nucleus into an unstable one. Outgoing states will
radiate the energy produced when the unstable nucleus evolves to a equilibrium state in a
spontaneous way.

¥ As causality is related to the analytic properties of wave functions, when we promote the
energy o to a complex variable z, we can choose the admissible solutions as those wave
functions that are analytic and bounded in the lower complex half-plane of variable z, even
if we could choose those that have the same properties in the upper plane (or, more precisely,
such that they belong to the Hardy class function space from below (or above) [27]. In this
way causdlity is introduced aong with its physical consequences: dispersion relation, the
fluctuation-dissipation theorem, the growth of entropy, etc. [17, 19].
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du, 0+ 1
;’7'2“) + 2M|:u) - % - W(r)]uu,.(r) -0 (50)
If we write
K2,(r) = ZM[(» - % - W(r)} (51)
the WKB solution is
Ugi(r) = [Kai(1)] 2 exp[ii Jr Kai(r) dr} (52)
0

These are the two possibilities produced by our time-symmetric theory.
Then, in order for solution (52) to be outgoing, we must choose the sign +.
In fact, far from the nucleus, whent — oo, r - o, we have k,(r) - k, =
+./2Mw and considering the time evolution factor, we have

e Mt (r) = [Ko] Y2 exp[—i(wt — k,r + const)] (53)
and the wave evolution becomes the outgoing unilateral shift:

w
r=—1t+ const 54
k. (54)

So question (iv) of the Introduction is also answered.®

4. THE COSMOLOGICAL PROBLEM
4.1. The Model
Let usconsider theflat Roberson—Walker universe[23, 24] with ametric
ds? = a?(n)(dn? — dx? — dy? — d2) (55)
where nj isthe conformal time and a the scale of the universe. Let us consider

15t is interesting to observe that, following the ideas of ref. 22, this typical outgoing nature
of the shift (which is extremely important in the cosmological models [22]) is only possible
because from the very beginning the configuration space has a characteristic structure: it is
spherically symmetric and this fact defines the asymmetry r > 0, namely the asymmetry that
says that the origin O is substantially different than the sphere at the infinity. Therefore: it
is an asymmetry in configuration space that really introduces time asymmetry [20]. Without
thisasymmetry all the treatment would be impossible since the “outgoing” notion itself would
be meaningless, and the choice of the lower half-plane unmotivated (at least in the case
where we consider our system as the whole universe and therefore we have no other physical
phenomena to play with). Therefore the fact that an isolated nucleus radiates and never
receives spontaneously radiation from the exterior is a consequence of the fundamental time
asymmetry of the universe. But if, as a theoretical example, we consider this isolated system
as the whole universg, it is a consequence of the asymmetry of the configuration space of
the model, in complete agreement with ref. 20. In the second example the time asymmetry
has more or less the same origin: the global asymmetry of the universe, asexplained in ref. 22.
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afree neutral scalar field ® and let us couple this field to the metric with a
conformal coupling (¢ = 1/6). The total actionreadsS=§ + § + § and
the gravitational action is

5= dn[—% 2 - V(a)] (56)

where M is the Planck mass, a = da/dr, and the potentia V contains the
cosmological constant term and eventually the contribution of some form of
classical matter. We suppose that V has a bounded support 0 =< a < a,. We
expand the field @ as

®(x, X) = J fe ik dk (57)

where the components of k are three continuous variables.
The Wheeler—DeWitt equation for this model reads [compare with Eq.
(2) for the first exampl€]

HW(a, ®) = (hy + hy + h)¥(a, &) = 0 (59)
where
hy = == &2 + M2V(a)
TV ERG

he = —%J (32 — kD) dk
— l 2 2
h =5 e | ¢ dk (59)

where mis the mass of the scalar field, k/a is the linear momentum of the
field, and 9, = a/of;.

We can now go to the semiclassical regime using the WKB method
[25], writing ¥(a, P) as

V(a, @) = exp[iM?S(a)]x(a, P) (60)
and expanding Sand x as
S=%+M1§ + ..., X=Xo+ M+ ... (62)

To satisfy Eq. (58) at the order M?, the principal Jacobi function S(a) must
satisfy the Hamilton—Jacobi equation
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dsy’

We can now define the (semi)classical time asin Section 3.3 (but now using
an approximate solution only). It is a parameter 1 = m(a) such that

d _dSd _ a
dn dada V(@) da (63)
So
1M 1
-2 2y 64
" ﬁL, Na 9

which must be compared with Eq. (46), but in this equation the tragjectories
are completely classical, whilein Eq. (64) only ais classical and & remains
a quantum variable. The solution of Eq. (64) isa = =F(xn, C), where C is
an arbitrary integration constant. Different values of this constant and of the
*+ sign give different classical solutions for the geometry.

Then, in the next order of the WKB expansion, the Schrodinger equa-
tion reads

% = iy (65)
where
h(n) = b + hi(a) (66)
Precisdly,
hen) = —= J [—3—2 + Qﬁ(a)fﬁ} dk (67)
2] | ofz
where
02 =P + K = P + w (68)

and w = k? and k = |Kk|. So the time dependence of the Hamiltonian comes
from the function a = a(n).

Let us now consider a scale of the universe such that a,; > a;. We
will consider the evolution in this region where the geometry is almost
constant. Therefore we have an adiabatic final vacuum |0) and adiabatic
creation and annihilation operators af and a,. Then h = h(a,,) reads
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h= J Q.ala, dk (69)
We can now consider the Fock space and a basis of vectors

kg, Koy ook, o= [{K) =alal,...al, ... |0 (70)
where we have called {k} the set k4, Ky, ..., Ky, .... The vectors of this

basis are eigenvectors of h:
hi{k}) = w|{k}) (71)

where
w= 2 Q= 3 (mag + )" (72)
ke{k} k e{k}

We can now use this energy to label the eigenvector as
{Kk}) = o, [KD) (73)

where[k] istheremaining set of |abels necessary to definethe vector unambig-
uously. {|w, [K])} is obviously an orthonormal basis, so Eq. (69) reads

hsz

This is the Hamiltonian that corresponds to (4) in the cosmological case.

o, [K]Xo, [K]| do dk] (74)

4.2. Decoherence in the Other Dynamical Variables

We can obtain the decoherence in the energy as in Section 2. Then, if
we reintroduce the other dynamical variables in Eq. (12), we obtain

(p+] = J Puti (@, [K], [k']] do d[k] d[k’] (75)

where { (w, [K], [K']], (w, ®’, [K], [k']} isthe cobasis {(w], (w, ®'[}, but now
showing the hidden [k]. This equation corresponds to (14) in the cosmologi-
cal case.

Let us observe that if we use polar coordinates for k, Eq. (57) reads

B(x, 1) = f S tun ck (76)

where

dum = fia(m, NY(6, @) (77)
where k is a continuous variable; | = 0,1, ...;m= —I,...,|; and Y are
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spherical harmonic functions. So the indices k, |, m contained in the symbol
k are partially discrete and partialy continuous.

As pl = Pxy then pfa[k’][k] = Polk][K'] and therefore a set of vectors { |(,l),
[IN} exists such that

J Porkgigl@, [IDp dIk'T = pople, (Mg (78)

namely {|w, [I])} is the eigenbasis of the operator p,pq1- Then p,p; can be
considered as an ordinary diagonal matrix in discrete indices like | and m,
and a generalized diagonal matrix in continuous indices like k.1® Under the
diagonalization process, Eq. (75) is written as
(ps+| = J U i pumo U
X Ui, [I, MU de d[K] d[k’] d[1] d[I’] d[I"] d[I"] (79)
where U] is the unitary matrix used to perform the diagonalization and
Pl = Pundpi (80)

where
Pl = Pufl] = J UfipapariU ! dik] dk’] (81)
so we can define
(o 0] = (o, [0, 1] = f Ufil(o [K], (kUG dik] dk'] (82)
We can repeat the procedure with vectors (o, o', [K], [k']| and obtain the

vector (w, w’, [1]|. In this way we obtain a diagonalized cobasis {(w, [l]|, (o,
o', [1]}. So we can now write the equilibrium state as

by = f oo, [1]] do d] (83)

which corresponds to (16) in the cosmological case. Since vectors (w, [l]
can be considered as diagonalsin all the variables, we have obtained decoher-
ence in al the dynamical variables. This fact will become clearer once we

16E.g., we can deal with this generalized matrix by rigging the space & and using the Gel’ fand—
Maurin theorem [26]; this procedure allows us to define a generalized state eigenbasis for
system with continuous spectrum. It has been used to diagonalize Hamiltonians with continu-
ous spectrain refs. 17, 27, 28, etc.
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study the observables related to this vector and introduce the notion of final
pointer basis.

Let us consider the observable basis {|o, [I]), |», »’, [I])} dua to the
state cobasis { (w, [1]], (w, ®’, [I]|}. From Eq. (6) and as the » does not play
any role in the diagonalization procedure, we obtain

o, [I) = [o, [MXo, [N, |o o [1]) = |o X" [ (84)
So in the basis { |w, [I]), |®, ®’, [I])} the Hamiltonian reads

h= J |, [1]) de d[I] = j olo, [}, [1]] do d[l] (85)

Now, we can aso define the operators

L= [ o, ) do o) = [ Hlo o Wl doel]— (e6)
which can also be written, as in Eq. (17),

L= [ o 0 do ol = [ b O 0] dwr ] (6)

where i is an index such that it covers all the dimension of the .1 Now we
can consider the set (h, L;), which is a CSCO, since all the members of the
set commute because they share a common basis, and find the corresponding
eigenbasis of the set, precise |, [I]), since'®

hlow, [1) = wlo, [1) (88)
Lilw, [I1) = lifw, [11) (89)

Of course the L; are constants of the motion because they commute with h.
From al these equations we can say that:

(i) (h, L;) is the fina pointer CSCO.

(@ii) {|w, [1]), |o, ®', [1])} isthe fina pointer observable basis.

(i) { (o, [1], (w, @', [1]]} is the final pointer states cobasis.

In fact, from Eq. (83) we see that the final equilibrium states has only
diagonal terms in this state (those corresponding to vector (w, [l|), it has no
off-diagonal terms (those corresponding to vectors (o, ', [I]], (w, [K], [K']],
or (o, ®', [K], [K']]), and therefore we have decoherence in all the dynami-
cal variables.

17In principle the matter field ® may have any number of particles N. But since we are working
in the final stage of the universe evolution with a ~ ag, this number is a constant. Then
the number of observables in the CSCO is 4N and the ket in configuration variables read
In, [X1)) = [{x}), where [X] is the space position of the 4N particles.

180n some occasions we will call h = Ly and o = .
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4.3. TheLimit & — 0 and the Classical p{*)(x, k)

Let us restore the notation {1} = (o, [I], {kK} = (o, [k]), asin Eq. (73),
and let us consider the configuration kets [{x}) = |v, [X]). Since we are
considering the period when a ~ a,,; the system with Hamiltonian (67) is
just a set of infinite oscillators with constants (), (a,) that represent a scalar
field with mass mag,.. Then we are just dealing with a classical set of N
particles with coordinates [x] and momenta [K]. Then, asin Eq. (33), we can
introduce the Wigner function correponding to generalized state [{1}):

pt (X, [K]) = =N J {1}x + Nx — AN d*nn - (90)
Using the same reasoning used to obtain Eq. (36), we obtain
pl (X, [K]) = ﬂ S(LMIx1, [KD) — 1) (91)

where LY([x], [K]) isthe classical observable obtained from L; viathe Wigner
integral (considering h = Ly and including 0 among the indicesi). Now, with
the new notation (90), Eq. (88) reads

p*=fpdn«n\mn (92)
Then if we write
me¢mD=wMJ«mx+wu—Mvmmdﬂ. (93)

we abtain, asin Eq. (31),
(X1, [KD) = pCM(LE(DK, [KD), LY, [KD), - - ) (94)

So finaly
pi"([X], [K]) ~ J {1} pCV(1x, [KDBAL™ = {1})

=J«nmmjww—m (95)

The last equation can be interpreted as follows:
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() 3({ p} — {1}) isaclassical density function, strongly peaked at certain
values of the constants of motion {1}, corresponding to a set of trgjectories
where the momenta are equal to the eigenvalues of Egs. (88) and (89), namely
W=1(30=012...).

(i) pgy isthe probability to be in one of the sets of trgjectories labeled
by {I}. Precisely: if some initial density matrix is given, from Eq. (83) it is
evident that its diagonal terms py;, are the probabilities to be in the states
(o, [I]] and therefore the probability to find, in the corresponding classical
equilibrium density function pM)([x], [K]), the density function S({LV} —
{1}), namely the probability of the set of trgjectories labeled by {I} = (w, [I]).

(iii) As in Eq. (40), let a be the coordinate classically conjugate to |
and let ay be the coordinate a at time ny = O; then we obtain the classical
trajectories:

a=In+a (96)

(iv) Let us now write pi{I} = ppyag- Actualy pgyag is not a function
of a,, it smply is a constant in ay, since aq is only an arbitrary point and
our model is spatially homogeneous. Then we can write

Piiyag = J Pyi3rag) Dl 3(a — ag) d[ag] (97)

In this way we have changed the role of ay; it was a fixed (but arbitrary)
point and it ishow avariablethat movesall over the space. Then Eq. (95) reads

pi([x], [K]) ~ J Pii}ag U S(LY = 1) j]:[l d(a — agy) d{ag] d{l} (98)
So if we write
plftaa (X1, [K]) = iEL (LY — 1) ,-Ul (g — ay) (99)
we have

o0, 1) = [ Poregplflap0d: 1) dlad &) (100

From Eq. (99) we see that p{f}[.;([x], [k]) # 0 only in anarrow strip around
the classical trajectory (96) defined by the momenta {1} and passing through
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the point [ag] [actually, the density function is as peaked as is allowed by
the uncertainty principle, soitswidth isessentialy O(%), since the 3-functions
of al the equation are redly Dirac deltas only when A — 0]. So we have
proved Eq. (100), which, in fact, is Eq. (3) as announced.®

Then we have obtained the classical limit. When ny - o the quantum
density p becomes a diagonal density matrix p,. The corresponding classical
distribution p{®([x], [K]) can be expanded as a sum of classical trajectory
density functions p{f};s;([x], [k]), each one weighted by its corresponding
probability pyyag. S0, as the limit of our quantum model we have obtained
a statistical classical mechanical model, and the classical realm appears.

4.4, Localization and Correlations

Under appropriate initial conditions the motion can be concentrated in
just one tragjectory, showing the presence of correlationsin this trgjectory [4].
The evolution of the concentration depends on potential V(a). Of course,
our “trgjectories’” are not only one trgjectory for a one-particle state, but N
trajectories (each one corresponding to a momentum (I4, |5, ..., 1) = {l}
and passing by a point (a;, a,, . .., a,) = [a]) for the n-particle states.

4.5, Discussion and Comments
45.1. Characteristic Times

The decaying term of Eqg. (10) (i.e., the second term on the r.h.s.) can
be analytically continued using the techniques explained in refs. 9, 17, and
24. In these papers it is shown that each pole z = w; — ivy; of the S-matrix
(corresponding to the evolution &, — ay [24]) of the problem considered
originates a damping factor e ", Then if y = min(y;), the characteristic
decoherence time is y . This computation is done in the specific models of
refs. 24. If vy < 1, even if the Riemann—L ebesgue theorem is always valid,
there is no practical decoherence since y~* > 1.

391n this section, as in Section 2.2, we are faced with the following problem: p{®)([x], [K]) is
aconstant that we want to decompose into functions p{f{}a;([x], [k]) which are different from
zero only around the trajectory (96) and therefore are variables in a. Then, essentially we
use the fact that if f(x, y)= g(y) is a constant function in x, we can decompose it as

o) = f AR — %) dio

namely the densities 8(x — ) are peaked in the trajectories x = x, = const, y = var, and
therefore are functions of x. This trajectories play the role of those of Eq. (97). As al the
physics, including the correlations, is aready contained in Eq. (95), the reader may just
consider the final part of this section, from Eq. (97) to Eq. (100), a didactical trick.
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4.5.2. Sets of Decoherent Trajectories

It is usual to say that in the classical regime there is decoherence of the
set trgjectories labeled by the constant of the motion w, [I]. This result can
easily be obtained with our method in the following way.

(i) Let us consider two different states |o[l]) and |w'[I’]) that will define
classes of trgjectories with different constants of the motion (w, [I]) # (o',
[I']). We must compute

(@[lpxlo'1T) = (pallow'IT1'T)
- [ j purtr (@[] deo” d[l"]]lww'm[l']) =0 (101)

due to the orthogonality of the basis { (v, [I]], (o, o', [1]]}.
(i) But if we compute

(@[lpsloll]) = (pxlloll]) = U Purpry(@"[1"]] do” d[l”]]lw[ll)

= j Pod(w — o")3([I] — [I"]) do” d[I"]

The last two equations complete the demonstration. We will discuss the
problem of the decoherence of two trajectories with the same {1} but different
[ag] in Section 4.5.4.

45.3. A Discussion on Time Decoherence

It is well known that one of the main problems of quantum gravity is
the problem of defining thetime[29]. A poorly studied feature of thisproblem
isthat there must be adecoherence processrelated to time since timeistreated
as aclassical variable. In this subsection, using the functional technique, we
will give a model that shows that this is the case (but we must emphasize
that this subject is not completely devel oped).

Let us postulate that there is a parameter m such that the quantum states
evolve as’®

) = e”™[0) (103)
We must compute (n|p.|n’), where |n) and |n') are two states of the
20f course 7 is the conformal time of Eq. (65), since (103) is a consequence of (65). But

now we have postulated this last equation and we are searching for the quantum properties
of m.
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system for different times. We do not know if (n|p«|n’) will decohere or
not. If it decoheres, we can say that the parameter v is classical. [n)(n/| can
be considered as an observable; then

M'[px ) = (pxlm)n’]) (104)
But
(@lm)Xn') = (w|e"™|0x0e™) = [€™ (w]e”™0X0)  (105)
Now, for any observable O we have
[J O, |w") do’

+ JJ Om’m”|('0,’ w//) d(.l)’ d(l.)”)

[J O, |w’) do’ + ...

= (w|[f O, e e )gon dw’])

[€M™ (w|e7™IO) = [€M (w]e™™]

= [ (wle ™)

= g 10" =M)(»|O) (106)
where the second term disappears since (w|w’, ") = 0. Thus
(@lm)Xn’]) = e70™(]|0)X0[) (107)
So now we can compute the following two cases:

()
' lpxn) = (elm¥n’l) = [ J o) dw}nmm'b
= J pwe_i‘”(“'_“)(w||0><0’) do - 0 (108)

when |n’ — m| - <, due to the Riemann—L ebesgue theorem.
(ii) Analogously,

nlpelm) = J o (0XO]) do» # 0 (109)

So we have time decoherence for two times m and v’ if they are far
enough apart.
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Thisresult isimportant for the problem of time definition, sincein order
to have a reasonable classical time this variable must first decohere. The
above result shows that this is the case for m and m’ far enough apart,?* but
also that for closer times (namely such that their difference is smaller than
the Planck time) there is no decoherence and time cannot be considered as
a classical variable. Classical time is a familiar concept, but the nature of
nondecohered quantum time is open to discussion. We remark that we have
followed the second line of thought of Section 2.3.1: we have supposed the
existence of an evolution e '™, where v is only a parameter. We have proved
that decoherence appears and find that m behaves like a classical variable.
Maybe this is the better way to introduce the classical time: to postulate a
“guantum” m and find its properties. Moreover, we have proved that the
second approach of Section 2.3.1 can also be followed.

4.5.4. Decoherence in the Space Variables

Now that we know that there is time decoherence, we can repeat the
reasoning for the rest of the variables a at timen = 0 and change Eq. (103) to

[a]) = ei1]0) (110)
We will reach the following conclusions:
0)
([allp«|[a’]) -~ O (111)
when |a — a'| - .
(if)
([al[p«|[a]) # O (112)

Therefore there is also decoherence between two trajectories with the same
{1} but different [ag].

These facts complete the scenario about decoherence and the final classi-
cal limit. An analogy of Section 3.3.2 in the cosmological case can be found
in ref. 21.

5. CONCLUSION

We are convinced that the method of refs. 9 and 10 is the best way to
study both the Mott and the cosmological problem and to find analogies and
differences between them. We hope that the reader will share our conviction.

2 Us‘i ng the method of Section 4.3.1, we can compute y. Decoherence will take place for |n —
n'[ >yt
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For the important cosmological problem we have shown that after the
WKB expansion and decoherence and the final classical limit process, (i)
our quantum model has a defined classical time n and a defined classical
geometry related by Eq. (65); (ii) decoherence has appeared in awell-defined
final pointer basis; and (iii) the quantum field has originated a classical final
distribution function [Eqg. (100)] that is a weighted average of some set
densities, each one related to a classical trajectory. The weight coefficients
are the probabilities of each trgjectory.

We can see that if instead of a spinless field we coupled the geometry
to a spin-2 metric fluctuation field, the result would be more or less the
same. Then the corresponding quantum fluctuations would become classical
fluctuations that would correspond to matter inhomogeneities (galaxies, clus-
ters of galaxies, etc.) that will move along the trajectories described above.
This subject will be treated elsewhere in greater detail.
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